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Abstract. Let {Tn} be the bipolar filtration of the smooth concordance group of topologically
slice knots, which was introduced by Cochran, Harvey, and Horn. It is known that for each
n 6= 1 the group Tn/Tn+1 has infinite rank and T1/T2 has positive rank. In this paper, we show
that T1/T2 also has infinite rank. Moreover, we prove that there exist infinitely many Alexander
polynomials p(t) such that there exist infinitely many knots in T1 with Alexander polynomial
p(t) whose nontrivial linear combinations are not concordant to any knot with Alexander poly-
nomial coprime to p(t), even modulo T2. This extends the recent result of Cha on the primary
decomposition of Tn/Tn+1 for all n ≥ 2 to the case n = 1.
To prove our theorem, we show that the surgery manifolds of satellite links of ν+-equivalent
knots with the same pattern link have the same Ozsva´th-Szabo´ d-invariants, which is of inde-
pendent interest. As another application, for each g ≥ 1, we give a topologically slice knot of
concordance genus g that is ν+-equivalent to the unknot.
1. Introduction
Since Freedman [Fre82b, Fre84] and Donaldson [Don83] revealed the difference between
the smooth and topological structures on 4-manifolds, classifying the structure of the
concordance group of topologically slice knots, which we denote by T , has been one of the
central research subjects. Freedman showed that knots with trivial Alexander polynomial
are topologically slice [Fre82a, FQ90], so T has a subgroup ∆ generated by knots with
trivial Alexander polynomial. By using gauge theory and Heegaard Floer homology, it is
known that T and ∆ have Z∞-summands [End95, HK11, HK12, OSS17, DHSL19, KP18].
The difference between T and ∆ was found recently, and it is known that the group T /∆
has a Z∞ ⊕ Z∞2 subgroup [HLR12, HKL16, CH15].
Cochran, Harvey, and Horn [CHH13] established a filtration indexed by nonnegative
integers
0 ⊂ · · · ⊂ Tn+1 ⊂ Tn ⊂ · · · ⊂ T0 ⊂ T
which is called the bipolar filtration of T , where Tn is the subgroup of (the concordance
classes of) n-bipolar knots. We give a definition of Tn in Definition 2.1. Briefly, the
notion of an n-bipolar knot is based on the idea of relating Donaldson’s diagonalization
theorem to the covering spaces of a 4-manifold with boundary the zero-framed surgery
on the knot in S3 corresponding to the derived series of the fundamental group of the
4-manifold. The bipolar filtration of T also descends to a filtration of T := T /∆:
0 ⊂ · · · ⊂ Tn+1 ⊂ Tn ⊂ · · · ⊂ T1 ⊂ T0 ⊂ T
where Tn := Tn/(Tn ∩∆).
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Many concordance invariants derived from the Floer homology theory by Ozsva´th
and Szabo´ vanish on T0 or T1. In [CHH13], it was shown that the τ -invariant [OS03b],
ε-invariant [Hom14], and δp-invariant [MO07, Jab12] vanish for knots in T0. It is known
that the ν+-invariant [HW16], the Υ-invariant [OSS17], and the ϕj-invariants [DHSL19]
vanish for knots in T0, and also the various invariants in [JN07, GRS08, GJ11] derived
from the correction term d-invariants of Ozsva´th and Szabo´ [OS03a] vanish for knots in
T1 (see [CHH13, Section 6]).
Nevertheless, combining the d-invariant with topological concordance invariants such
as the von Neumann ρ-invariant and the Casson-Gordon invariant, it was found that
the bipolar filtrations are highly nontrivial; it was shown that T /T0 has infinite rank by
Cochran, Harvey, and Horn [CHH13]. It was also shown that Tn/Tn+1 has infinite rank
for n = 0 by Cochran and Horn [CH15] and for n ≥ 2 by Cha and the first named author
[CK17]. For the filtration {Tn} of T , Cochran and Horn [CH15] showed that T0/T1 has
infinite rank, and Cha [Cha19] showed that Tn/Tn+1 has infinite rank for each n ≥ 2.
But for the remaining case n = 1, it is only known that T1/T2 has positive rank
[CHH13] and it remains as an open question whether or not T1/T2 and T1/T2 have
infinite rank. The first main result of this paper is to answer the question:
Theorem 1.1. The groups T1/T2 and T1/T2 have infinite rank.
Very recently, Cha [Cha19] presented a framework for the study on the primary de-
composition of T . Theorem 1.1 immediately follows from Theorem 1.2 below which
reveals a new structure of the primary decomposition of T1/T2 and T1/T2 by extending
Theorems C and D in [Cha19] for n = 1.
To state our result more explicitly, we set up notations.
2m+ 1
Rm
...
αDαJ
2m+ 1
Rm(J,D)
J D
...
Figure 1. The knot Rm and the satellite knot Rm(J,D).
Let Rm be the genus one knot with Alexander polynomial λm = (mt− (m+ 1))((m+
1)t−m) ∈ Z[t±1] and αJ and αD be the curves dual to the bands of the Seifert surface
of Rm as depicted in Figure 1. For knots J and D, we denote by Rm(J,D) the knot
obtained via the satellite construction which ties the knot J (resp. D) through the band
dual to the curve αJ (resp. αD) as depicted in Figure 1. For a knot K and t ∈ Z, let
D+(K, t) (resp. D−(K, t)) denote the t-twisted positive-clasped (resp. negative-clasped)
Whitehead double of K. Let D := D+(T2,3, 0) for the right-handed trefoil T2,3. For
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i ≥ 1, let pi be primes such that 5 = p1 < p2 < · · · and each pi is congruent to 1 modulo
4. Let ki :=
1
8 (pi − 1)2 and Ji := D−(kiT2,3, 2ki).
For a knot K let ∆K denote the Alexander polynomial of K. Let
T λm := {[K] ∈ C | ∆K is coprime to λm},
and for a subgroup S of C let Sλm := S∩T λm , S := S/S∩∆, andS λm := Sλm/Sλm∩∆.
Note that if S is a subgroup of T , S is a subgroup of T . The groups T1/(T λm1 + T2)
and T1/(T
λm
1 +T2) are isomorphic since T1 ∩∆ is contained in T λm1 .
Theorem 1.2. Let m be an odd positive integer. For all i ≥ 1, the knots Rm(Ji, D),
which have Alexander polynomial λm, are in T1. If K is a nontrivial linear combination
of Rm(Ji, D), then K is not concordant to any knot with Alexander polynomial coprime
to λm modulo T2. In particular, the groups T1/(T λm1 + T2) and T1/(T λm1 + T2) have
infinite rank.
Since T1/T2 and T1/T2 surject to T1/(T λm1 + T2) and T1/(T λm1 + T2), respectively,
Theorem 1.1 follows immediately from Theorem 1.2. We remark that Theorem 1.2 ex-
tends [Cha19, Theorems C and D] which show that the groups Tn/(T λmn + Tn+1) and
Tn/(T λmn +Tn+1) have infinite rank for n ≥ 2.
To prove Theorem 1.2 we use the arguments in [CHH13, CK17, Cha19], which combine
the d-invariant and the von Neumann ρ-invariant, and in particular estimate the d-
invariants of branched covers of S3 along Rm(J,D) for some knots J (see [CHH13,
Lemma 8.2] and [CK17, Lemma 5.1]). To be precise, in [CHH13, Lemma 8.2] and [CK17,
Lemma 5.1], the authors show that certain d-invariants of branched covers of S3 along
Rm(U,D) are negative where U is the unknot, and the knots J are needed to be unknotted
by changing only positive crossings to conclude that the corresponding d-invariants of
branched covers of S3 along Rm(J,D) are also negative. Due to this restriction on J ,
one could not apply directly the arguments in [CHH13, CK17, Cha19] to the case of
T1/T2 and show T1/T2 has infinite rank; note that our knots Ji in Theorem 1.2 are not
unknotted by changing only positive crossings.
To resolve this issue and prove Theorem 1.2, we show that the surgery manifolds
of satellite links of ν+-equivalent knots with the same pattern link have the same d-
invariants, which is of independent interest. (For the definition of ν+-equivalence, see
Definition 2.2.) In the following, P (K) and P (J) denote the satellite links of knots K
and J with pattern link P , respectively.
Theorem 1.3. Let K and J be knots and P be an ordered k-component link in S1×D2.
Let Λ = (n1, . . . , nk) be surgery coefficients such that S
3
Λ(P (K)) and S
3
Λ(P (J)) are Z2-
homology spheres. If K and J are ν+-equivalent, then
d(S3Λ(P (K)), tK) = d(S
3
Λ(P (J)), tJ)
where tK and tJ are Spin
c structures satisfying c1(tK) = c1(tJ) under the bijection
H2(S3Λ(P (K)))→ H2(S3Λ(P (J))).
Theorem 1.3 is proved in Subsection 2.3. This can be regarded as a link analogue
of the fact that satellite knots of ν+-equivalent knots with the same pattern knot are
ν+-equivalent which was proved in [KP18, Sat18].
Theorem 1.2 has an application to concordance genus. Recall that the concordance
genus of a knot is the minimum genus among all knots concordant to the knot. Using the
ε-invariant Hom [Hom15] showed that for each g ≥ 1 there exists a topologically slice knot
of concordance genus g and 4-genus one. There are also lower bounds on concordance
genus obtained from the Υ-invariant [OSS17] and the ϕj-invariants [DHSL19]. Note that
if a knot is ν+-equivalent to the unknot, then it has vanishing ε-invariant and Υ-invariant
[Hom17], and it also has vanishing ϕj-invariants [DHSL19].
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Theorem 1.4. For each g ≥ 1, there exists a topologically slice knot of concordance
genus g which is ν+-equivalent to the unknot.
Proof. For 1 ≤ i ≤ g, let Ki := R2i−1(J1, D) and K := #gi=1Ki (recall that J1 =
D−(2T2,3, 4) and D = D+(T2,3, 0)). Then, K is a topologically slice knot of genus g and
the degree of ∆K is 2g.
Since K is in T1, by [CHH13, Corollary 6.7] d(S31(K)) = 0. Therefore V0(K) =
− 12d(S31(K)) = 0 where V0 is a knot concordance invariant given in Subsection 2.2 of
[NW15]. Since ν+ is the smallest k ≥ 0 such that Vk = 0, it follows that ν+(K) = 0 and
hence K is ν+-equivalent to the unknot.
Suppose J is a knot of genus g′ < g and K# − J is slice. Since the degree of ∆J is
less than 2g, there is some j ∈ {1, 2, . . . , g} such that ∆Kj is not a factor of ∆J . Then,
for K ′ := ((#i 6=jKi)# − J), we have Kj#K ′ = K# − J is slice and ∆Kj is coprime to
∆K′ . This contradicts Theorem 1.2. 
We remark that Theorem 1.4 can also be shown using the knots in [Cha19, Theorem D].
If a topologically slice knot K is not in T1, one cannot show that K is nontrivial
in T /T ∆K using the arguments in the proof of Theorem 1.2. In Appendix, combining
the results in [Kim05, KK08, Bao15, KK18], we give an obstruction for a knot K to
being in T ∆K (see Theorem A.1), and using it we show that the knot R1(J,D) with
J := D+(T2,3, 0)#− T2,3 is nontrivial in T /T λ1 (see Proposition A.2). It is unknown to
the authors whether or not the knot R1(J,D) is in T1.
The rest of the paper is organized as follows. In Section 2, we introduce the bipolar
filtration and prove Theorem 1.3, and in Section 3 we prove Theorem 1.2. In Appendix,
we prove Theorem A.1.
In this paper, all homology groups are understood with integer coefficients unless
mentioned otherwise.
Acknowledgements. The authors thank Jae Choon Cha for sharing with them his insight
on the subject and his early drafts of [Cha19].
2. The bipolar filtration, satellite links and ν+-equivalence
2.1. The bipolar filtration
In this subsection, we recall the definition of the bipolar filtration {Tn} introduced in
[CHH13]. Throughout this paper, for a knot K we denote by M(K) the zero-framed
surgery on K in S3. For a group G, we define G(0) := G and G(n+1) := [G(n), G(n)] for
each n ≥ 0.
Definition 2.1 ([CHH13, Definition 5.1]). Let n ≥ 0 be an integer. A knot K is n-
positive if M(K) bounds a compact connected oriented smooth 4-manifold W which
satisfies the following.
(1) The inclusion-induced homomorphism H1(M(K)) → H1(W ) is an isomorphism
and pi1(W ) is normally generated by a meridian of K.
(2) H2(W ) has a basis which consists of disjointly embedded compact connected
oriented surfaces Si, 1 ≤ i ≤ r, such that for each i, the surface Si has a normal
bundle of Euler class 1 and pi1(Si) ⊂ pi1(W )(n).
The 4-manifold W is called an n-positon. Similarly, by changing the Euler class condition
from 1 to −1, we define an n-negative knot and an n-negaton. A knot is n-bipolar if it is
n-positive and n-negative. We let Tn := {[K] ∈ T | K is n-bipolar}.
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Each Tn is a subgroup of T and since for m ≥ n, an m-bipolar knot is n-bipolar, we
have a descending filtration
0 ⊂ · · · ⊂ Tn+1 ⊂ Tn ⊂ · · · ⊂ T1 ⊂ T0 ⊂ T .
2.2. ν+-equivalence
Let ν+ be the knot concordance invariant introduced by Hom and Wu [HW16]. Us-
ing the ν+-invariant, one can consider the following equivalence relation coarser than
concordance.
Definition 2.2. Two knots K and J in S3 are ν+-equivalent if
ν+(K#− J) = ν+(−K#J) = 0.
Remark 2.3. By [Hom17, Proposition 3.11], the following conditions are equivalent (see
also [KP18, Lemma 3.1]).
(1) Two knots K and J are ν+-equivalent.
(2) CFK∞(K) and CFK∞(J) are stably chain homotopy equivalent. More pre-
cisely, there are two acyclic chain complexes A and A′ such that CFK∞(K)⊕A
and CFK∞(J)⊕A′ are filtered chain homotopy equivalent.
(3) d±1/2(S30(K#− J)) = d±1/2(S30(J#−K)) = ± 12 .
For example, D+(T2,3)#−T2,3 is ν+-equivalent to the unknot since CFK∞(D+(T2,3))
is filtered chain homotopy equivalent to CFK∞(T2,3)⊕A for some acyclic chain complex
A by Proposition 6.1 of [HKL16].
2.3. Satellite links with ν+-equivalent companions
We recall Theorem 1.3 below.
Theorem 2.4. Let K and J be knots and P be an ordered k-component link in S1×D2.
Let Λ = (n1, . . . , nk) be surgery coefficients such that S
3
Λ(P (K)) and S
3
Λ(P (J)) are Z2-
homology spheres. If K and J are ν+-equivalent, then
d(S3Λ(P (K)), tK) = d(S
3
Λ(P (J)), tJ)
where tK and tJ are Spin
c structures satisfying c1(tK) = c1(tJ) under the canonical
bijection H2(S3Λ(P (K)))→ H2(S3Λ(P (J))).
Proof. We prove Theorem 2.4 assuming Proposition 2.5 below. Let a ∈ G be the image
of c1(tK) via the isomorphism given in Proposition 2.5 (1). By Proposition 2.5 (3),
(0, a) ∈ Z⊕G ∼= H2(Z) is a characteristic element, so we can choose a Spinc structure s
on Z such that s restricts to t0, tK and tJ on S
3
0(J# −K), S3Λ(P (K)), and S3Λ(P (J)),
respectively, where t0 is the torsion Spin
c structure on S30(J# −K). Since b1(∂Z) = 1,
∂Z has trivial triple cup product, and hence ∂Z has standard HF∞ by Theorem 3.2 of
[LR14]. Since Z is negative semidefinite, by Theorem 4.7 of [LR14],
0 ≤ 4dbot(∂Z, s|∂Z) + 2.
On the other hand, (∂Z, s|∂Z) = (S3Λ(P (K)), tK)#(−S3Λ(P (J)), tJ)#(S30(J# − K), t0).
By the additivity in [LR14, Proposition 4.3], the inequality becomes
0 ≤ 4d(S3Λ(P (K)), tK)− 4d(S3Λ(P (J)), tJ) + 4d−1/2(S30(J#−K)) + 2.
Since K and J are ν+-equivalent, by Remark 2.3, d−1/2(S30(J#−K)) = − 12 . It follows
that
d(S3Λ(P (K)), tK) ≥ d(S3Λ(P (J)), tJ).
By changing the roles of J and K, we obtain the desired equality. 
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Proposition 2.5. Under the same hypothesis as in Theorem 2.4, there is a compact
connected oriented smooth 4-manifold Z with ∂Z ∼= S3Λ(P (K))#−S3Λ(P (J))#S30(J#−K)
satisfying the following.
(1) H2(Z) ∼= Z ⊕ G such that the Z-summand is isomorphic to H2(S30(J# − K))
and the group G is isomorphic to both H2(S3Λ(P (K))) and H
2(S3Λ(P (J))) via the
inclusion-induced maps. The composition of the isomorphisms
H2(S3Λ(P (K))) −→ G −→ H2(S3Λ(P (J)))
coincide with the canonical bijection H2(S3Λ(P (K)))→ H2(S3Λ(P (J))).
(2) H1(Z) ∼= G.
(3) The intersection form of Z is trivial. In particular, Z is negative semidefinite.
For an ordered, oriented link P in S1×D2, let −P be the link in S1×D2 which is the
mirror of P with the reversed string orientations. Denote by H the genus 2 handlebody.
Regard H as the boundary connected sum of two copies of S1 ×D2. Consider two links
P unionsq −P and C in H in Figure 2. We need a lemma.
P−P
C
Figure 2. The links P unionsq −P and C in H.
Lemma 2.6. For each ordered, oriented k-component link P in S1 × D2, there exist
compact connected surfaces S1, . . . , Sk of genus 0 with ∂Si ⊂ H×{0, 1} which are properly
disjointly embedded in H × [0, 1] such that the following hold :
(1) For each i, ∂Si ∩H × {0} is either the empty set or the union of finitely many
parallel copies of C endowed with a certain orientation.
(2) For each i, ∂Si ∩H × {1} is the union of the i-th components of P and −P . In
particular, (
⊔k
i=1 ∂Si) ∩H × {1} = P unionsq −P .
Before proving this lemma, we define a couple of terms: a diagram of a link L in H is
the projection of L into the boundary connected sum of two annuli, a twice punctured
disk, having transversal double singularities equipped with under and over passing infor-
mation. Here, H is assumed to be embedded in R3 in a standard way, whose projection
is a twice punctured disk. The singularities of the diagram are called crossings.
Proof of Lemma 2.6. Let Pi be the i-th component of P for i = 1, . . . , k. Let M be the
disk, where the boundary connected sum of H = S1 × D2 \ S1 × D2 takes place. One
may consider M as the mirror reflecting P onto −P in H. In other words, there is an
involution ι on H fixing each point of M and ι(Pi) = −Pi for i = 1, . . . , k.
For each i = 1, . . . , k, we can choose a simple path γi from a point of Pi to a point
of −Pi so that ι(γi) = γi, γi meets each of M , Pi, and −Pi in exactly one point, but γi
does not meet Pj or γj for any j 6= i. We take band sums of Pi with −Pi along γi for
all i. This procedure gives us a link L in H satisfying the following:
(i) Each component is of the form K#ι(K) for some knot K in S1 ×D2.
(ii) Each component intersects the mirror M in exactly two points.
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It also produces properly, disjointly embedded, compact connected surfaces S′1, . . . , S
′
k of
genus 0 in S3× [ 12 , 1] such that ∂S′i∩S3×{1} = Piunionsq−Pi and ∂S′i∩S3×{ 12} = Pi#−Pi.
Note that, if a link L in H satisfies conditions (i) and (ii), then, for every crossing c
of L, the overpassing arcs of c and ι(c) belong to the same component of L and the
underpassing arcs of c and ι(c) belong to the same component of L.
M
p
ι(c)cc ι(c)α ι(α) ι(α)α
p
M
or
Figure 3. Band move.
Beginning with a diagram D of such a link L, we shall find a sequence of band sums,
each of which decreases the number of crossings and increases the number of components.
So, the final link consists of unlinked unknots and unlinked parallel copies of C. The
traces of the band sums and the disks bounding the unlinked unknots give disjointly
embedded, compact connected surfaces S′′1 , . . . , S
′′
k of genus 0 in S
3 × [0, 12 ] such that
∂S′′i ∩ S3 × {12} = Pi#− Pi and ∂S′′i ∩ S3 × {0} is either the empty set or the union of
finitely many parallel copies of C. By taking Si to be the union of S
′
i and S
′′
i , this will
prove the lemma.
We use induction on the number of crossings in D. Suppose D has no crossing. Then,
each component is either parallel to C or unknotted in H. Use the innermost circle
argument to cap off the unknotted components, and we are done for this case. Now
assume that D has a crossing. Let K be a knot in S1 × D2 for which K#ι(K) is a
component of D having a crossing. As stated above, the component meets M at a
point p. Let c be the crossing in K from which to p the part of K has no crossings.
Denote the part by α. Then α ∪ ι(α) is a path from c to ι(c), which is a part of K with
no crossings. See Figure 3. Along this path α ∪ ι(α), we take a band move between the
two arcs that transversally cross α ∪ ι(α) at c and ι(c). It is obvious that this band sum
reduces the number of crossings and increases the number of components. The resulting
link has two less crossings and still satisfies the above two conditions (i) and (ii). Now,
inductively we can find the desired sequence as we claimed above. 
We are ready to prove Proposition 2.5.
Proof of Proposition 2.5. For given two knots K and J in S3, Figure 4 describes an
embedding of H → S3. Let f : H × [0, 1] → S3 × [0, 1] denote the product of the
embedding H → S3 and the identity on [0, 1]. For a given k-component link P in
S1 ×D2, by Lemma 2.6, there are connected, disjointly embedded surfaces S1, . . . , Sk of
genus 0 in H × [0, 1] such that ∂Si ∩ H × {1} is the union of the i-th component of P
and −P for all i, and ∂Si∩H×{0} is either empty or the union of finitely many parallel
copies of C endowed with a certain orientation. By the definition of f , f(S1), . . . , f(Sk)
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are disjointly embedded surfaces of genus 0 in S3× [0, 1] such that (⊔ki=1 f(Si))∩S3×{1}
is the split union (P (K) unionsq −P (J)) × {1} and (⊔ki=1 f(Si)) ∩ S3 × {0} is the union of
finitely many parallel copies of K#− J .
−JK
00 00
Figure 4. An embedding of H in S3.
Let W be the 4-manifold obtained from S3 × [0, 1] by attaching a 0-framed 2-handle
along (K# − J) × {0}. Note that P (K) × {1} and −P (J) × {1} cobound disjointly
embedded annuli A1, . . . , Ak in W . (To obtain Ai, cap off f(Si) by adding finitely many
parallel copies of the 2-handle core disk.) Let Z0 be the result of Λ = (n1, . . . , nk)-
surgery on W along the annuli A1, . . . , Ak. Note that Z0 has two (oriented) boundary
components S3Λ(P (K))# − S3Λ(P (J)) and S30(J# − K). The desired 4-manifold Z is
obtained from Z0 by deleting a neighborhood of an arc joining the boundary components
of Z0. Homologically, Z is obtained from D
2 × S2 by doing Λ = (n1, . . . , nk)-surgeries
on k annuli, so the desired properties of Z follow. 
By the Akbulut-Kirby method [AK80], we obtain surgery diagrams for the r-fold cyclic
branched covers Σr(Rm(J,D)) and Σr(Rm(U,D)) of S
3 along Rm(J,D) and Rm(U,D)
from the genus 1 Seifert surface in Figure 1. The surgery link of Σr(Rm(J,D)) is ob-
tained from that of Σr(Rm(U,D)) by doing iterated satellite operations (actually r times)
with the fixed companion knot J . As in Theorem 2.4, we can identify the Spinc struc-
tures of Σr(Rm(J,D)) and those of Σr(Rm(U,D)). We remark that Σr(Rm(J,D)) and
Σr(Rm(U,D)) are Z2-homology 3-spheres since
H1(Σr(Rm(J,D))) ∼= H1(Σr(Rm(U,D))) ∼= ZN ⊕ ZN
where N = (m+ 1)r −mr (see [GL92, Proposition 2]).
Theorem 2.7. If J is ν+-equivalent to the unknot U , then
d(Σr(Rm(J,D)), s) = d(Σr(Rm(U,D)), s).
Proof. From the discussion given in the paragraph preceding Theorem 2.7, we obtain the
conclusion by applying Theorem 2.4 n times. 
3. Proof of Theorem 1.2
In this section we prove Theorem 1.2. The proof of Theorem 1.2 is essentially identical
with the proof of [Cha19, Theorem D] with some modifications. Below we give a list of
the key modifications for applying the proof of [Cha19, Theorem D] to the case n = 1,
which gives the proof of Theorem 1.2:
(1) Use different Ji, as defined in the introduction of this paper, for the construction
of Rm(Ji, D).
(2) For the computation of the von Neumann ρ-invariants in [Cha19, Section 3], in
[Cha19, Definition 3.1] take n = 1 and replace the coefficients Zp1 by Q. This is
due to our choice of Ji.
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(3) For the computation of correction terms d(Σr(Rm(Ji, D)), s) in [Cha19, Sec-
tion 4], use Theorem 2.7 in place of [CHH13, Lemma 8.2] and [CK17, Lemma 5.1],
which is again due to our choice of Ji. This is our key technical contribution for
the proof of Theorem 1.2.
The above key modifications with some minor changes for the proof of Theorem D in
[Cha19] will easily produce the proof of Theorem 1.2.
Nonetheless, to clarify the proof, we give a more detailed sketch of the proof of The-
orem 1.2 below following the arguments in the proof of Theorem D in [Cha19]. In
particular, we do not include some arguments in the proof of [Cha19, Theorem D] which
are not necessary for our proof but were needed for the proof of [Cha19, Theorem D] to
take care of far more general cases n > 1.
For the rest of Section 3, we give a sketch of the proof of Theorem 1.2. Fix an
odd positive integer m and let R := Rm. For each i ≥ 1 let Ki := R(Ji, D) where
Ji = D−(kiT2,3, 2ki) as defined in the introduction.
The following lemma gives the key properties of Ji. For a knot K, we denote by σK
the Levine-Tristram signature function of K defined on S1 ⊂ C.
Lemma 3.1. The knots Ji satisfy the following.
(1) Each Ji is 0-negative.
(2) For i ≥ 1, ∫
S1
σJi(ω) dω are linearly independent over Q.
(3) Each Ji is ν
+-equivalent to the unknot.
Proof. Since Ji can be unknotted by changing a negative crossing, Property (1) follows
from [CHH13, Proposition 3.1]. Since ∆Ji = 2kit−(4ki−1)+2kit−1, Property (2) follows
from the proof of Proposition 2.6 in [COT04, p. 121]. For the concordance invariant τ of
Ozsva´th and Szabo´ [OS03b], Sato [Sat19, Theorem 1.2] showed that every genus 1 knot
with τ = 0 is ν+-equivalent to the unknot. So, it is enough to show τ(Ji) = 0 to see
Property (3). Note that −Ji = D+(kiT2,−3,−2ki). Since τ(kiT2,−3) = −2ki, we have
τ(−Ji) = 0 by [Hed07, Theorem 1.5], and hence τ(Ji) = −τ(−Ji) = 0. 
Our knots Ki are topologically slice and 1-bipolar, that is, Ki ∈ T1 for all i ≥ 1; since
Ji is 0-negative (and D is 0-positive), this follows from [CK17, Lemma 2.3].
Finally, we show that if K is a nontrivial linear combination of Ki, then K is not
concordant to any knot with Alexander polynomial coprime to λm, modulo T2. Let L be a
knot with Alexander polynomial coprime to λm. For integers ai, let K := (#
r
i=1aiKi)#L.
By renumbering indices and changing the orientation if necessary, we may assume that
each ai is nonzero and a1 > 0. Now it suffices to show that K is not 2-bipolar.
Suppose K is 2-bipolar. Then in [CK17, Subsection 2.3], a 1-negaton, denoted by X−,
with boundary M(K1) is constructed such that for
P := Ker{i∗ : H1(M(K1);Q[t±1]) −→ H1(X−;Q[t±1])}
where i∗ is induced from the inclusion, either P = 〈αJ〉 or P = 〈αD〉.
Case 1: P = 〈αD〉. In this case we follow the arguments in [Cha19, Section 3]; the
4-manifold X− is modified to a new 4-manifold X0, keeping the boundary, defined to be
X0 := V 0 ∪∂−C C ∪∂+CrM(K1)
(
(a1 − 1)Z01 unionsq
(⊔
i>1
|ai|Z0i
)
unionsq Z0L
)
.
See Figure 5. We refer the reader to Section 3 in [Cha19] for the notations in the definition
of X0.
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M(K1)
Z01
M(K1) M(K1)
Z01
±M(Kr)
Z0r
±M(Kr)
Z0r
M(L)
Z0L
. . . . . . . . .
C
V 0
M(K)
a1 − 1 |ar|
Figure 5. The 4-manifold X0.
Remark 3.2. The above X0 is not the same as X = X0 defined in [Cha19, Section 3]
for the case n = 1; it is the same as X with E0 removed, which is also the same as X1
for n = 1 in [Cha19, Section 3]. See Figure 5 in[Cha19].
In [Cha19, Section 3] it is shown that pi1(X
0) ∼= pi1(X−) and H1(X0;Q[t±1]) ∼=
H1(X
−;Q[t±1]). It is also shown that
P = Ker{i∗ : H1(M(K1);Q[t±1]) −→ H1(X0;Q[t±1])},
which is 〈αD〉 by our hypothesis.
We will use X0 and its subspaces to compute the von Neumann ρ-invariant of M(K1)
defined in [CG85], and for more details of the von Neumann ρ-invariant we refer the
reader to [Cha19, Subsection 3.2]. We will use the same notations as in [Cha19]; suppose
M is a closed oriented 3-manifold and W is a 4-manifold with ∂W = M . Suppose for
a countable discrete group Γ there is a homomorphism φ : pi1(M)→ Γ which extends to
pi1(W ). Then, the von Neumann ρ-invariant of M associated to φ is
ρ(M,φ) = σ¯
(2)
Γ (W ) := sign
(2)
Γ (W )− sign(W ).
For our proof, we choose a group Γ and a representation φ : pi1(X) → Γ following
Definition 3.1 in [Cha19], wherein we take n = 1 and replace Zp1 by Q. This is one of
our key modifications for the proof of [Cha19, Theorem D]. More details follow: let
Σ := {f(t) ∈ Q[t±1] | f(1) 6= 0, gcd(f(t), λm) = 1}.
Let pi := pi1(X
0) and P1pi := pi(1) = [pi, pi]. Let P2pi be the kernel of the composition
P1pi −→ P1pi/[P1pi,P1pi]⊗Z Q = H1(pi;Q[t±1]) −→ H1(pi;Q[t±1]Σ−1)
−→ H1(X;Q[t±1]Σ−1) −→ H1(X;Q[t±1]Σ−1)/ ImH1(Z0L;Q[t±1]Σ−1),
where ImH1(Z
0
L;Q[t±1]Σ−1) is the image of H1(Z0L;Q[t±1]Σ−1) under the homomor-
phism induced from the inclusion from Z0L to X
0.
Now we let Γ := pi/P2pi and let φ : pi1(X0) = pi → Γ be the quotient map. By abuse
of notation, we denote by φ the restrictions of φ to subspaces of X0.
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By Novikov additivity, we have the following equation (compare it with Equation (3.2)
in [Cha19]).
(3.1) ρ(M(K1), φ) = σ¯
(2)
Γ (V
0)+ σ¯
(2)
Γ (C)+
a1−1∑
j=1
σ¯
(2)
Γ (Z
0
1,j)+
r∑
i=2
|ai|∑
j=1
σ¯
(2)
Γ (Z
0
i,j)+ σ¯
(2)
Γ (Z
0
L),
where Z0i,j are copies of Z
0
i . We compute each term of the above equation, and this will
lead us to a contradiction.
(1) ρ(M(K1), φ) =
∫
S1
σJ1(ω) dω. To show this, we construct an integral 1-solution
Z for M(K1) following the arguments in [COT04] (and also [Cha13]). The knot R(U,D)
where U denotes the unknot is a slice knot whose slice disk is obtained by cutting the band
dual to αD. LetW be the exterior of the slice disk in the 4-ball, and hence ∂W = R(U,D).
Since J1 is 0-negative, it is also integrally 0-solvable by [CHH13, Proposition 5.5]. Let
W ′ be an integral 0-solution with ∂W ′ = M(J1). By doing surgery along the curves
generating pi1(W
′)(1) we may assume that pi1(W ′) ∼= Z. Consider M(J1) as (S3rν(J1))∪
(S1 ×D2) where ν(J1) denotes the open tubular neighborhood of J1. Now let Z be the
4-manifold obtained from W and W ′ by identifying the tubular neighborhood of the
curve αJ in M(R(U,D)) = ∂W and S
1 × D2 ⊂ M(J1) = ∂W ′. Then Z is an integral
1-solution with ∂Z = M(K1).
Let
Γ′ :=
(
H1(X
0;Q[t±1]Σ−1)/ ImH1(Z0L;Q[t±1]Σ−1)
)
o Z
∼= H1(X0 \ Z0L;Q[t±1]Σ−1)o Z
where the last isomorphism is given by [Cha19, Subsection 3.1]. Here, in the semidirect
products Z = H1(X0) acts on the left summands via deck transformations. Due to the
definition of Γ, there is an injective homomorphism i : Γ ↪→ Γ′.
We assert that the composition i ◦φ : pi1(M(K1))→ Γ ↪→ Γ′ extends to pi1(Z). Recall
that
〈αD〉 = Ker{H1(M(K1);Q[t±1]) −→ H1(X0;Q[t±1])}.
Due to the definition of Σ and the fact that ∆L is coprime to ∆K1 , using Mayer-Vietoris
sequences one can easily see that
〈αD〉 = Ker{H1(M(K1);Q[t±1]) −→ H1(X0 \ Z0L;Q[t±1]Σ−1)}.
Therefore, the map i ◦ φ : pi1(M(K1))→ Γ ↪→ Γ′ factors through the injective map
φ¯ :
(
H1(M(K1);Q[t±1])/〈αD〉
)
o Z −→ Γ′.
Due to the construction of W , one can easily see that
H1(W ;Q[t±1]) ∼= H1(R;Q[t±1])/〈αD〉 ∼= H1(M(K1);Q[t±1])/〈αD〉.
Using Mayer-Vietoris sequences, one can see that H1(Z;Q[t±1]) ∼= H1(W ;Q[t±1]), and
therefore H1(Z;Q[t±1]) ∼= H1(M(K1);Q[t±1])/〈αD〉. It follows that the map defined to
be the composition
pi1(Z) −→ pi1(Z)/pi1(Z)(2) ∼= H1(Z;Z[t±1])o Z
−→ H1(Z;Q[t±1])o Z ∼= (H1(M(K1);Q[t±1])/〈αD〉)o Z φ¯−→ Γ′
is an extension of i◦φ : pi1(M(K1))→ Γ′, which is what we asserted. By abuse of notation
we also denote by φ¯ the extension to pi1(Z) and its restrictions to subspaces of Z.
By the subgroup property of the ρ-invariant (see Property (2.3) in [COT04, p. 108]),
ρ(M(K1), φ) = ρ(M(K1), i ◦ φ). Therefore, we have ρ(M(K1), φ) = σ¯(2)Γ′ (Z), where
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σ¯
(2)
Γ′ (Z) = σ¯
(2)
Γ′ (W ) + σ¯
(2)
Γ′ (W
′) by Novikov additivity. Since W is a slice disk exte-
rior, σ¯
(2)
Γ′ (W ) = 0 by [COT03, Theorem 4.2]. Since the curve αJ is of infinite order in
H1(M(K1);Q[t±1])/〈αD〉, the subgroup of Γ′ generated by φ¯(αJ) is isomorphic to Z. Let
µJ1 be a meridian of J1. By the identification of W and W
′, we have φ¯(µJ1) = φ¯(αJ).
Since φ¯ on pi1(M(J1)) factors through pi1(W
′) ∼= Z and φ¯(µJ1) is of infinite order in Γ′, the
image of pi1(M(J1)) under φ¯ is isomorphic to Z. Therefore by [COT03, Proposition 5.13]
and [COT04, Lemma 5.3], we obtain σ¯
(2)
Γ′ (W
′) = ρ(M(J1), φ¯) =
∫
S1
σJ1(ω) dω.
(2) σ¯
(2)
Γ (V
0) = σ¯
(2)
Γ (C) = 0. This is proved in [Cha19, Subsection 3.2].
(3) σ¯
(2)
Γ (Z
0
1,j) = 0 or −
∫
S1
σJi(ω) dω, and for i ≥ 2, σ¯(2)Γ (Z0i,j) = 0 or ±
∫
S1
σJi(ω) dω.
This follows from [CK17, Lemma 3.3]. (Lemma 3.3 in [CK17] uses Zp coefficients, and
its proof works with Z coefficients as well.) Or, one can also prove it using arguments
similar to the one in (1) above.
(4) σ¯
(2)
Γ (Z
0
L) = 0. This is a key ingredient of the proof of [Cha19, Theorem D],
and it is proved in [Cha19, Subsection 3.2]. For the reader’s conveience, and since
we use Q coefficients in place of Zp coefficients which was used in [Cha19], we give
a brief sketch of the computation. Due to the definition of P2pi1(X0), the map φ on
pi1(Z
0
L) maps pi1(Z
0
L)
(1) trivially into Γ. Therefore, the map φ on pi1(Z
0
L) factors through
the injective map H1(Z
0
L) → Γ, and therefore σ¯(2)Γ (Z0L) =
∫
S1
σL(ω) dω by [COT03,
Proposition 5.13] and [COT04, Lemma 5.3]. Since L is concordant to the connected sum
of K and −aiKi and each of K and Ki is 1-bipolar, L is also 1-bipolar. Since L is 1-
bipolar, it is algebraically slice by [CHH13, Corollary 5.7], and hence
∫
S1
σL(ω) dω = 0.
From Equation (3.1) and the above computations (1)–(4), we conclude that for some
i ∈ Z where 1 > 0,
r∑
i=1
(
i ·
∫
S1
σJi(ω) dω
)
= 0.
But it contradicts that
∫
S1
σJi(ω) dω are linearly independent over Z (see Lemma 3.1 (2)).
Case 2: P = 〈αJ〉. In this case the proof is exactly the same as the proof for Case
P = 〈αJ〉 of Theorem D in [Cha19, Section 4] except that we use Theorem 2.7, which
is our key technical contribution in this case: let K0 := R(U,D). Let Σr(K1) (resp.
Σr(K0)) be the r-fold cyclic cover of S
3 branched along K1 (resp. K0). In [Cha19,
Section 4] it was asserted that d(Σr(K0), sΣr + k · x̂1) ≥ 0 for all sufficiently large prime
r and for all k ∈ Z (see Lemma 4.1 in [Cha19] and the paragraphs preceding Lemma 4.1)
due to the fact that J1n−1 is unknotted by changing some positive crossings to negative
crossings.
Note that our J1 cannot be unknotted by changing positive crossings to negative cross-
ings. But since J1 is ν
+-equivalent to the unknot (see Lemma 3.1 (3)), by Theorem 2.7,
(3.2) d(Σr(K1), sΣr + k · x̂1) = d(Σr(K0), sΣr + k · x̂1)
for all prime r and for all k ∈ Z. Since M(K1) bounds a 1-negaton X− and
〈αJ〉 = Ker{H1(M(K0);Q[t±1]) −→ H1(W ;Q[t±1])},
using the same arguments as in the proof of [Cha19, Lemma 4.1], we obtain
d(Σr(K1), sΣr + k · x̂1) ≥ 0
for all k ∈ Z and for all sufficiently large prime r. Now by Equation (3.2) above, we
obtain the desired conclusion of Lemma 4.1 in [Cha19]. The rest of the proof for this
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case is exactly identical with the proof given in [Cha19, Section 4], and this completes
the sketch of the proof of Theorem 1.2.
Appendix: metabolizers for Blanchfield forms and concordance
invariants
In Appendix, using metabelian concordance invariants given via metabolizers of the
Blanchfield form of a knot, we give an obstruction for a knot K to being concordant to
any knot with Alexander polynomial coprime to ∆K (see Theorem A.1). This obstruction
is given by combining the results in [Kim05, KK08, Bao15, KK18].
We review the invariants and notations which will be used in Theorem A.1 below. Re-
call that Z = 〈t〉 acts on Q(t)/Q[t±1] via multiplication. This action induces a semidirect
product Γ := (Q(t)/Q[t±1])oZ. For a knot K, let B`Q be the rational Blanchfield form
B`Q : H1(M(K);Q[t±1])×H1(M(K);Q[t±1]) −→ Q(t)/Q[t±1].
A choice of x ∈ H1(M(K);Q[t±1]) induces a homomorphism φx : pi1(M(K))→ Γ defined
by φx(y) = (B`Q(x, yµ−(y)), (y)) where  : pi1(M(K1))) → Z is the abelianization and
µ is a meridian of K. Then, one can obtain the von Neumann ρ-invariant ρ(M(K), φx),
whose definition can be found in Section 3. (The homomorphism φx was introduced
in [COT03], wherein our Γ is denote by Γ1 or Γ
U
1 and called the rationally universal
1-solvable group.)
For a rational homology 3-sphere Y and a Spinc structure s on Y , we let
d¯(Y, s) := d(Y, s)− d(Y, s0)
where d is the correction term invariant of Ozsva´th and Szabo´ [OS03a] and s0 denotes
the canonical Spinc structure on Y . Let n be a prime power and ζn be the primitive
nth root of unity. For Σr(K), the r-fold cyclic cover of S
3 branched along a knot K,
and a character of prime power order χ : H1(Σr(K)) → Q/Z, we denote by τ(K,χ) ∈
L0(Q(ζn))⊗Z Q the Casson-Gordon invariant associated to χ [CG86].
Let
B`Z : H1(M(K);Z[t±1])×H1(M(K);Z[t±1]) −→ S−1Z[t±1]/Z[t±1]
be the Blanchfield form where S := {f(t) ∈ Z[t±1] | f(1) = 1}. For a Z[t±1]-module M
and r ≥ 1, the map pir : M →M/(tr − 1)M is the quotient map.
Theorem A.1. Let K and J be knots with coprime Alexander polynomials. Suppose
K#J is slice. Then, there exists a Z[t±1]-submodule PK of H1(M(K);Z[t±1]) which is a
metabolizer with respect to the Blanchfield form B`Z for K such that all of the following
hold :
(1) PK ⊗Z Q is a metabolizer with respect to the rational Blanchfield form B`Q for
K and ρ(M(K), φx) = 0 for all x ∈ PK ⊗Z Q.
(2) There exists a set of finitely many primes S = {p1, p2, . . . , pm} such that if r = pk
is a prime power where p /∈ S, then pir(PK) is a metabolizer with respect to the
linking form H1(Σr(K))×H1(Σr(K))→ Q/Z and the following hold :
(a) d¯(Σr(K), s0 + ĉ) = 0 for all c ∈ pir(PK), and
(b) for every character of prime power order χ : H1(Σr(K))→ Q/Z which van-
ishes on pir(PK), the Casson-Gordon invariant τ(K,χ) is constant. More-
over, if K is algebraically slice, then τ(K,χ) vanishes.
The proof of Theorem A.1 is postponed to the end of Appendix. The set of primes
S in Theorem A.1 can be taken as the empty set if K#J bounds a slice disk D in the
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4-ball such that, letting W denote the exterior of the slice disk D, H1(W ;Z[t±1]) has no
Z-torsion elements. In particular, if K#J is a ribbon knot, then S is the empty set.
Proposition A.2. Let R be the knot 946, which is R1 in Figure 1. Then, the knot
R(D+(T2,3, 0)#− T2,3, D+(T2,3, 0)) is topologically slice and not concordant to any knot
with Alexander polynomial coprime to λ1 = (t− 2)(2t− 1).
Proof. Let J := D+(T2,3, 0)#− T2,3 and D := D+(T2,3, 0). Let K := R(J,D). The knot
K is the satellite knot of winding number 0 whose pattern knot is R(J, U) and companion
knot is D. Therefore, since D is topologically slice, K is topologically slice.
Suppose K#L is slice for a knot L whose Alexander polynomial is coprime to λ1.
Then by Theorem A.1, there exist a Z[t±1]-submodule PK of H1(M(K);Z[t±1]), which
is a metabolizer with respect to the Blanchfield form B`Z, and a set of finitely many
primes S which satisfies the conditions (1) and (2) in Theorem A.1.
For brevity, let P := PK . Let αJ and αD be the curves depicted in Figure 1. One can
easily compute that
H1(R(J,D);Z[t±1]) ∼= H1(R;Z[t±1]) ∼= Z[t±1]/〈t− 2〉 ⊕ Z[t±1]/〈2t− 1〉
where the summands are 〈αJ〉 and 〈αD〉, which are the submodules generated by the
curves αJ and αD, respectively. One can also see that R(J,D) and R have isomor-
phic Blanchfield forms, and 〈αJ〉 and 〈αD〉 are the only metabolizers with respect the
Blanchfield form on H1(M(K);Z[t±1]). Therefore the submodule P is either 〈αJ〉 or
〈αD〉.
Suppose P = 〈αJ〉. In this case we use Theorem A.1 (2) (a); for an odd prime r /∈ S,
d¯(Σr(K), s0 + ĉ) = 0 for all c ∈ pir(P ). The subgroup pir(P ) of H1(Σr(K)) ∼= Z2r−1 ⊕
Z2r−1 is generated by a lift of αJ in Σr(K), say x, and hence we have d¯(Σr(K), s0+k·x̂) =
0 for all k ∈ Z. Recall from Remark 2.3 that J is ν+-equivalent to the unknot. Since
Σr(K) is a Z2-homology sphere, by Theorem 2.7
d¯(Σr(K), s0 + k · x̂) = d¯(Σr(R(U,D)), s0 + k · x̂)
for all k ∈ Z. Since R(U,D) is slice, d(Σr(R(U,D)), s0) = 0, and hence
d(Σr(R(U,D)), s0 + k · x̂) = d¯(Σr(R(U,D)), s0 + k · x) = 0
for all k ∈ Z. But by [CK17, Theorem 5.4],
d(Σr(R(U,D)), s0 + 2
r−1 · x̂) ≤ −3
2
,
which is a contradiction.
Suppose P = 〈αD〉. In this case, we use Theorem A.1 (1), which implies that
ρ(M(K), φx) = 0 for all x ∈ P ⊗Z Q. Choose a nonzero x ∈ P ⊗Z Q, for instance,
x = αD ⊗ 1. Let W be the exterior of the slice disk for R(U,D) which is obtained
by cutting the band dual to the curve αD in Figure 1. Then ∂W = R(U,D). Let
W ′ be a 4-manifold with ∂W ′ = M(J) such that the inclusion induces an isomor-
phism H1(M(J))
∼=−→ H1(W ′). The existence of W ′ follows from that the bordism
group Ω3(S
1) = 0. We can also arrange that pi1(W
′) ∼= Z by doing surgeries along
the curves generating pi1(W
′)(1). Note that M(J) = (S3 r ν(J)) ∪ (S1 × D2) where
ν(J) is the open tubular neighborhood of J in S3. Let X be the 4-manifold obtained
from W and W ′ by identifying the tubular neighborhood of αJ in R(U,D) = ∂W and
S1 ×D2 ⊂M(J) = ∂W ′. Then ∂X = M(K) and
Ker{H1(M(K);Q[t±1])} −→ H1(X;Q[t±1]) = P ⊗Z Q.
Since Q[t±1] is a PID, x ∈ P⊗ZQ, and P⊗ZQ is a metabolizer with respect to the rational
Blanchfield form on H1(M(K);Q[t±1]), by [COT03, Theorem 3.6] the homomorphism
φx extends to pi1(X).
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Therefore, ρ(M(K), φx) = σ¯
(2)
Γ (W ) + σ¯
(2)
Γ (W
′). Since W is a slice disk exterior,
σ¯
(2)
Γ (W ) = 0 by [COT03, Theorem 4.2]. Since ∂W
′ = M(J), we have σ¯(2)Γ (W
′) =
ρ(M(J), φx) where by abuse of notation φx also denotes the restriction of φx to pi1(M(J)).
Since x is a nonzero element in P = 〈αD〉, we have B`Q(x, αJ) 6= 0 for the ratio-
nal Blanchfield form B`Q on H1(M(K),Q[t±1]). Also note that (αJ) = 0 where
 : pi1(M(K)) → Z is the abelianization. Since φx(αJ) = (B`Q(x, αJ), (αJ)), the sub-
group of Γ generated by φx(αJ) is isomorphic to Z. By our construction of X, the
meridian, say µ, of J is identified with the curve αJ in X, and hence φx(µ) is not trivial
in Γ. Since φx on pi1(M(J)) factors through pi1(W
′) ∼= Z, the image of pi1(M(J)) in Γ
is also isomorphic to Z. Now by [COT03, Proposition 5.13] and [COT04, Lemma 5.3],
σ¯
(2)
Γ (W
′) = ρ(M(J), φx) =
∫
S1
σJ(ω) dω =
2
3 . Therefore ρ(M(K), φx) = 0 +
2
3 6= 0,
which is a contradiction. 
We finish Appendix with the proof of Theorem A.1.
Proof of Theorem A.1. Let L := K#J and W be the exterior of a slice disk for L in the
4-ball. Let FH1(W ;Z[t±1]) := H1(W ;Z[t±1])/T where T is the Z-torsion submodule of
H1(W ;Z[t±1]). Let
PL := Ker{i : H1(M(L);Z[t±1]) iZ−→ H1(W ;Z[t±1]) pi−→ FH1(W ;Z[t±1])}
where iZ is the inclusion-induced homomorphism and pi is the quotient map. It is well
known that PL is a metabolizer with respect to the the Blanchfield form B`Z (see [Fri03,
Proposition 2.7]).
Note that H1(M(L);Z[t±1]) ∼= H1(M(K);Z[t±1])⊕H1(M(J);Z[t±1]). Now let
PK := PL ∩H1(M(K);Z[t±1]) = {x ∈ H1(M(K);Z[t±1]) | (x, 0) ∈ PL}.
Similarly, we let PJ := PL∩H1(M(J);Z[t±1]). We will show that PK satisfies the desired
properties. We need a lemma:
Lemma A.3. PL ∼= PK ⊕PJ as Z[t±1]-modules and PK and PJ are metabolizers for the
Blanchfield forms on H1(M(K);Z[t±1]) and H1(M(J);Z[t±1]), respectively.
Proof. It is obvious that PK ⊕ PJ ⊂ PL. Let (x, y) ∈ PL where x ∈ H1(M(K);Z[t±1])
and y ∈ H1(M(J);Z[t±1]). We will show that x ∈ PK and y ∈ PJ , which will imply that
PL ⊂ PK ⊕ PJ .
Since Q[t±1] is a PID and ∆K and ∆J are coprime, there exist f¯(t) and g¯(t) in Q[t±1]
such that f¯(t)∆K + g¯(t)∆J = 1. Then, there exists some nonzero integer c such that
letting f(t) := cf¯(t) and g(t) := cg¯(t), we have f(t)∆K + g(t)∆J = c and f(t), g(t) ∈
Z[t±1]. Recall that (x, y) ∈ PL. Since ∆K and ∆J annihilate H1(M(K);Z[t±1]) and
H1(M(J);Z[t±1]), respectively, in H1(M(K);Z[t±1]) we have
cx = (f(t)∆K + g(t)∆J)x = (g(t)∆J)x.
Also, in H1(M(J);Z[t±1]) we have (g(t)∆J)y = 0. Therefore, in H1(M(L);Z[t±1]) we
have g(t)∆J(x, y) = (cx, 0), and hence (cx, 0) ∈ PL.
Consider the following commutative diagram.
H1(M(L);Z[t±1]) FH1(W ;Z[t±1])
H1(M(L);Z[t±1])⊗Z Q FH1(W ;Z[t±1])⊗Z Q
⊗1
i
⊗1
i⊗id
Since (cx, 0) ∈ PL = Ker(i), it follows that (i⊗ id)((cx)⊗ 1, 0) = 0. Therefore
(i⊗ id)(x⊗ 1, 0) = 1
c
· (i⊗ id)((cx)⊗ 1, 0) = 0,
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and hence (x ⊗ 1, 0) ∈ Ker(i ⊗ id). Since the vertical maps of the above diagram are
injective, we have (x, 0) ∈ Ker(i) = PL, and hence x ∈ PK . Similarly, one can show that
y ∈ PJ , and it follows that PL ⊂ PK ⊕ PJ and hence PL ∼= PK ⊕ PJ . The modules PK
and PL are metabolizers due to [KK18, Lemma 3.1] and its proof. 
One can see that ρ(M(L), φz) = 0 for all z ∈ PL ⊗Z Q since
PL ⊗Z Q = Ker{iQ : H1(M(L);Q[t±1]) −→ H1(W ;Q[t±1])}
where W is the exterior of a slice disk (see Theorems 3.6 and 4.2 in [COT03]). By
Lemma A.3, PL ⊗Z Q ∼= (PK ⊗Z Q)⊕ (PJ ⊗Z Q), and PL ⊗Z Q, PK ⊗Z Q, and PJ ⊗Z Q
are metabolizers for the rational Blanchfield forms. Now by [KK08, Theorem 3.1] and
its proof, ρ(M(K), φx) = 0 for all x ∈ PK ⊗Z Q. This shows the property (1).
We show the property (2). Recall that FH1(W ;Z[t±1]) = H1(W ;Z[t±1])/T where T
is the Z-torsion submodule. Since multiplication by t − 1 induces an automorphism on
H1(W ;Z[t±1]) (see [Mil68]), by [Lev77, Lemma (3.1)], the subgroup T is finite. Therefore,
there are only finitely many primes q1, q2, . . . , q` which divide the order of T . Then, by
[Bao15, Lemma 2.3] there exists a set of finitely may primes S = {p1, p2, . . . , pm} such
that if p is a prime not in S and r = pk for some k ≥ 1, then any qi, which divides the
order of T , does not divide the order of H1(Σr(K)).
Let D be the slice disk for L whose exterior is W . Denote the r-fold cyclic cover of
the 4-ball branched along D by Σr(D). Then, it follows from [Mil68] that
pir(H1(M(L);Z[t±1])) ∼= H1(Σr(L)) and pir(H1(W ;Z[t±1])) ∼= H1(Σr(D)).
Now suppose r = pk, a prime power, where p /∈ S. We have the following commutative
diagram where the homomorphisms iZ and j are induced from inclusions and pi is the
quotient map.
H1(M(L);Z[t±1]) H1(W ;Z[t±1]) FH1(W ;Z[t±1])
H1(Σr(L)) H1(Σr(D))
pir
iZ
pir
pi
j
Restricting the right vertical map pir to Im(iZ), by our choice of S and r, we obtain
the following commutative diagram
H1(M(L);Z[t±1]) Im(iZ) Im(pi ◦ iZ)
H1(Σr(L)) H1(Σr(D))
pir
iZ
pir
pi
pi′
j
where pi′ is the quotient map. Now pir(PL) ⊂ Ker(j) since PL = Ker(pi ◦ iZ). It is
well known that Ker(j) is a metabolizer with respect to the linking form on H1(Σr(L)).
Also, since PL is a metabolizer for the Blanchfield form on H1(M(L);Z[t±1]), the sub-
group pir(PL) of H1(Σr(L)) is a metabolizer for the linking form (see [Fri03, Proposi-
tion 2.18]). Since pir(PL) ⊂ Ker(j) and |pir(PL)|2 = |Ker(j)|2 = |H1(Σr(L))|, it follows
that pir(PL) = Ker(j).
Let c ∈ pir(PK). We follow the arguments in [Bao15] to show the property (2)(a).
Note that pir(PL) = pi
r(PK)⊕pir(PJ), and hence (c, 0) ∈ pir(PL). Since pir(PL) = Ker(j)
where Σr(D) is the cyclic cover of the 4-ball branched along the slice disk D, it follows
that d(Σr(L), s0 + (̂c, 0)) = 0. By the additivity of the d-invariant, we have
0 = d(Σr(L), s0 + (̂c, 0)) = d(Σr(K), s0 + ĉ) + d(Σr(J), s0),
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which holds for any choice of c ∈ pir(PK). Therefore, for each c ∈ pir(PK),
d¯(Σr(K), s0 + ĉ) = d(Σr(K), s0 + ĉ)− d(Σr(K), s0)
= −d(Σr(J), s0)− (−d(Σr(J), s0)
= 0,
which shows the property (2)(a).
To show the property (2)(b), we follow the arguments in [Kim05]. Let χ : H1(Σr(K))→
Q/Z be a character of prime power order which vanishes on pir(PK). Then the character
χ⊕ 0: H1(Σr(L)) ∼= H1(Σr(K))⊕H1(Σr(J)) −→ Q/Z
vanishes on pir(PK) ⊕ pir(PJ) = pir(PL). Therefore, since pir(PL) = Ker(j), it follows
that τ(L, χ ⊕ 0) = 0. Now by the additivity of the Casson-Gordon invariant, we have
0 = τ(L, χ ⊕ 0) = τ(K,χ) + τ(J, 0). Therefore, τ(K,χ) = −τ(J, 0), a constant. If K is
algebraically slice, since K#J is slice by the hypothesis, J is also algebraically slice, and
it follows that τ(J, 0) = 0. 
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